Abstract. Let E be an elliptic curve over Q described by y 2 = x 3 +Kx+L where K, L ∈ Q. A set of rational points (x i , y i ) ∈ E(Q) for i = 1, 2, · · · , k, is said to be a sequence of consecutive cubes on E if the x−coordinates of the points x i 's for i = 1, 2, · · · form consecutive cubes. In this note, we show the existence of an infinite family of elliptic curves containing a length-5-term sequence of consecutive cubes. Morever, these five rational points in E(Q) are linearly independent and the rank r of E(Q) is at least 5.
Introduction
Let us consider a rational elliptic curve given by a Weierstrass equation y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 (1.1) with a 1 , · · · , a 6 ∈ Q. We will say that the points (x i , y i ), i = 1, · · · , k on the curve (1.1) are in arithmetic progression of length k if the sequence x 1 , x 2 , · · · , x k forms an arithmetic progression (AP for short).
In 1992, Lee and Vélez, [10] , found infinitely many curves of type y 2 = x 3 + a containing k = 4-length APs. In 1999, Bremner, [3] , showed that there are infinitely many elliptic curves with k = 7 and k = 8-length APs. We shall briefly say k-AP instead of k-length AP. Four years later, Campbell, [5] , gave a different method to produce infinite families of elliptic curves with k = 7 and k = 8 APs. In addition, he described a method for obtaining infinite families of quartic elliptic curves with k = 9 AP and gave an example of a quartic elliptic curve with k = 12 AP. Two years later, Ulas [14] , first described a construction method for an infinite family of quartic elliptic curves on which there exists an AP with k = 10. Secondly he showed that there is an infinite family of quartics containing AP with k = 12. In 2006, Macleod, [11] , showed that by simplifying Ulas' approach, more general parametric solutions for APs arise with k = 10 which give a large number of examples with k = 12 and a few with k = 14.
Let f (x) be an irreducible polynomial over Q of degree five. Consider the hyperelliptic curve y 2 = f (x). In 2009, Ulas, [15] , found an infinite family of curves on which there is an AP with k = 11. In the same year, Alvarado, [1] , showed the existence of an infinite family of curves which contain APs with k = 12. Recently Dey and Maji, [7] , found upper bounds for the lengths of sequences of rational points on Mordell curves which are defined by the equations of the type y 2 = x 3 + k, k ∈ Q\{0}, such that the ordinates of the points are in AP, and also when both the abscissae and ordinates of the points are seperately the terms of two APs.
In 2013, Bremner and Ulas, [4] , considered the sequences of rational points on elliptic curves whose x−coordinates form a "geometric progression"in Q. They obtained an infinite family of elliptic curves having geometric progression sequence of length 4 and they also pointed out infinitely many elliptic curves with length 5 geometric progression sequences can be obtained.
Recently, Kamel and Sadek, [9] , considered sequences of rational points on elliptic curves given by the equation y 2 = ax 3 +bx+c over Q whose x−coordinates form a sequence of consecutive squares. They showed that elliptic curves given by the latter equation with 5−term sequences of rational points whose x−coordinates are elements of a sequence of consecutive squares in Q parametrized by an elliptic surface whose rank is positive. This implies the existence of infinitely many such elliptic curves. They also showed that these five rational points in the sequence are linearly independent in the group of rational points of the elliptic curve they lie on. Especially, they introduced an infinite family of elliptic curves of rank≥ 5.
In this work, we investigate sequences of rational points on elliptic curves whose x−coordinates form a sequence of "consecutive cubes ". We consider elliptic curves given by the equation y 2 = kx 3 + lx + m over Q. Following the strategy in [9] , we obtain all their results which we detailed in the previous paragraph for "consecutive cubes".
SEQUENCES OF CONSECUTIVE CUBES
Definition 2.1. Let E be an elliptic curve defined over a number field F by the Weierstrass equation
The points (x i , y i ) ∈ E(F ) are said to form a sequence of "consecutive cubes"on E if there is c ∈ F such that
Now we first need a result which guarantees the finiteness of the sequence of consecutive cubes on an elliptic curve. In 1910, Mordell conjectured that if ε is an algebraic curve over F of genus g ≥ 2, then there are only finitely many rational points on ε, i.e. the set ε(F ) of F −rational points is finite. In 1983, this conjecture was proved by Faltings, [8] , and hence is now also known as Faltings' theorem. So, using Faltings' theorem we give the following proposition about the finiteness of consecutive cubes on an elliptic curve.
Proposition 2.1. Let E be an elliptic curve defined by (2.1) over a number field F . Let (x i , y i ) ∈ E(F ) be a sequence of consecutive cubes on E. Then the sequence (x i , y i ) is finite.
Proof. Assume without loss of generality that
This sequence leads to a sequence of rational points on the genus 5 hyperelliptic curve
Thus, the points (c + i, y) ∈ E ′ (F ). By using Faltings' theorem [8] , we obtain that E ′ (F ) is finite, so the sequence is finite.
Next, using the above proposition, we define the length of this sequence like AP.
Definition 2.2. Let E be an elliptic curve over Q defined by a Weierstrass equation. Let (x i , y i ) ∈ E(Q), i = 1, 2, · · · , n, be a sequence of consecutive cubes on E. Then n is called the length of the sequence.
CONSTRUCTING ELLIPTIC CURVES CONTAINING 5-TERM SEQUENCES OF CONSECUTIVE CUBES
In this section, we investigate a family of elliptic curves given by the affine equation
We will show that there exist infinitely many elliptic curves given by the latter equation having 5−term sequences of consecutive cubes.
We consider 3−term sequences of consecutive cubes. So, if ((c−1) 3 , p), (c 3 , q), and ((c + 1) 3 , r) lie in E(Q), where c ∈ Q, then these rational points form a 3−term sequence of consecutive cubes. Using these points, we obtain
Hence, solving this system gives the following Using Q 1 and Q 2 lying on S, one solves this quadratic equation and obtains formulae for solutions (x, y, z, t). Since (p, q, r, s) = (1, 1, 1, 1) is a solution for equation ( (3.4) See [12] for details about finding parametric rational solutions of a homogenous polynomial of degree 2 in several variables.
Remark 2. The above argument shows that given p, q, r, s ∈ Q(c, u, v, w), there exist k, l, m ∈ Q(c) such that the ordered pairs ((c − 1)
Next we consider the case when ((c − 2) 3 , t) ∈ E(Q). In this case, there exists a 5−term sequence of consecutive cubes on (3.1). Then one obtains We see that the above expressions are homogeneous in v and w. So, we may assume that w = 1. Now we consider the curve
over Q(c, v). This equation of the form (3.6) is birationally equivalent to an elliptic curve χ defined by the form
where
and
The discriminant ∆(χ) of χ is given by (4I 3 − J 2 )/27, and the specialization of χ is singular only if ∆(χ) = 0. Furthermore, the point Proof. Write the homogenous form of the curve (3.6). Then one gets Y 2 = KX 4 + LX 3 Z + M X 2 Z 2 + N XZ 3 + P Z 4 with a rational point T = (X : Y : Z) = (1 : (c + 1)(3c 2 + 3c + 1)(3c 2 + 6c + 4)(3c 2 + 9c + 7)(c 2 + 2c + 3) : 0). According to the above procedure, the curve (3.6) is birationally equivalent to (3.7) and taking c = 3, v = ) of the point R on the specialized elliptic curve ψ :Y
